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There appears to be a subtle problem associated with the groups of Ree 
type. This problem is to show that a certain automorphism of GF(32fi+1), 
which arises in the course of characterizing E*,(p), is necessarily the square 
root of the Frobenius automorphism x M 9. The object of this note is to 
show that if this is the case, then a characterization of E,*(g) becomes possible. 
The more difficult question is left open, 
I follow the notation of [l], and assume that u2 = 3. The first step of the 
argument is to note that 
s=2-0, a=a-1. 
This is so, since (2 + a)(2 - u) = 1, (0 + l)(o - 1) = 2, and since s is 
the inverse of the map x H x u+2, while a is characterized by the conditions 
that (-1)” = 1, x~(+~) = 9. The next step, which reveals that even in our 
special case, the calculations are surpassingly unpleasant, is that 
d = 0. 
The argument goes like this. Pick (z, y, ~1) E E, with ,za # x. Then 
and so 
y = (p+2 + I)- = (.x+2 + 1)2/(2?+2~ + I), 
u = p+l - Of1 Y . 
This expresses y, u as rational functions of 2, so. Then we have by [l, Theorem 
8.11 that 
z-%(u)z = y-ls(-u)y . Y7. 
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Hf one compares the third components of this equality, one obtains a hnear 
equation for d, 
Ad+B=O, 
where A, 63 are rational functions of x, xLT defined over F3 . A stra~ghtf~~w~r~~ 
but long, calculation shows that B is identically zero, so we must show that A 
is not identically zero for all z outside the prime field. Now 
A = (B -p)-yq - 1)x+2 - (1 -p)-“(r - I)jP-i-2, 
where 
p = (24 - g-y, q = (1 - u-y+l, y zzz (1 + &)otl, 
so it comes down to showing that {(u - I)+1 - zPX)x~+a - ((u T I)“+1 - 
@‘11Y0+2 is not identically zero. One writes this expression as a ratio JT!/Q~ 
where P, Q are polynomials in z, P and uses the fact that when g = 32TL+1v 
CT may be taken to be 3n+1. If 4 > 3”, then replacing the pair z, z” by Z, ZQGfl 
for a particular n places P in FJZJ, and we see that P # 0, deg P < g - 3. 
This handles every case except 4 = 27, where a special case analysis is available. 
In order to establish uniqueness of our group , we let 
Q = ial u ((x, Y, 2) I x, y, x E 3. 
ijection between .Q and the cosets of in C5 obtained by ‘% 
KP to (x, y, x), if P E ‘$ has the shape = (x, y, z). Thus i ces 
t the action of (li on Q induced by th bijection is uniqueiy deter- 
e ~9 = 3, the isomorphism type of is determined, and so the 
on 52 is unique. 
Q(J) = (J) x I! = K, and 6 h as three orbits on -Q, of cardinals 
CJ + 3, (4” - g)/2, (q3 - g)/2, and representatives of these orbits are co, 
k?T = (-1, 1, l), Y4 = (l,O, 1). T o check that these are indeed repre- 
sentatives of the orbits, one merely has to note that Jr fixes co: and fro-m the 
base iI: Section 51, K fixes (-1, 1, I), MJ fixes (I, 0, I). Since {I, K, JK> 
is a set of representatives for the classes of involutions of 6, and since the 
stabilizer of any point of Q has Sylow 2-subgroups of order 2, our elements 
are in distinct K-orbits. 
By construction, K interchanges co and (0, 0, O), an since a==~-1, 
[I, (6.9)] shows that the action of K on the Q-orbit T of CC is uniquely deter- 
mined. 
Koiu T E &, and from the base, we see that (0, 0, I) is in the same (T’, K1i.m 
orbit as (-1, 1, 1). Since (T, K) C C;, we see that the C-orbit containing 
(-I r 1) 1) coincides with the set 
d = ((0, x, Y) I x, y E k, y # 0) u (y-%(x)y . (0, z, 0) I x, y, x E k, y + 0). 
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Here we have simply used the fact that if 
then 6 is the set theoretic union of 
the usual Bruhat decomposition for L,(q). Also, %,, = 5X n 8, and ‘8 is given 
in [2, (2.4)]. 
The algorithm for computing the action of K on .4 goes as in [I, Section 6], 
and I repeat it here. If P = (0, x, y) withy # 0, then y = z~?+~ for a unique w 
in k, whence 
P = w-1(0, x’, l)w, where x1 = x . w-l-o 
Since K inverts (w), we have 
‘SKPK = %K(O, x’, 1) Kw-1 
= %Ks(x’)w-l = tRKws(x’)w-I. 
So in terms of 9, we have 
P . K = ws(x’)w-l, 
where as before, s is the function of [l, Section 71. 
Similarly, if P = y-4(x)y, we just reverse the above steps, since K2 = 1. 
Finally, suppose P = y-rs(x)y . (0, x, 0), with z f 0. Then 
%KPK = !JlKy-4(x) yK . K(0, x, 0)K 
= %K(O, x’, y/)(0, --x1, 0) KF=+~(O, -x-l, 0), 
and we have reduced to a previous case. 
So the action of K is uniquely determined on the &-orbit d of (-1, 1, 1). 
It remains to show that that the action of K is uniquely determined on the 
K-orbit of (I, 0, 1). 
Let 9 be the set of subsets of 9 of cardinal 4 + 1 which are pointwise 
fixed by some involution of 8. These subsets are our lines. I proceed to show 
that 9’ is uniquely determined, by describing it explicitly. Of course, 
is the set of points fixed by J, so dp contains Z(J) . N for all NE %. From the 
base, we see that K fixes (0, -1, l), and as this element is in the (K, T)-orbit 
of (-1, 1, l), the set Z(K) of points fixed by K is uniquely determined, and 
Z(K) C L3. Here, we have used the fact that Ca(K) is of order 2(q + l), so is 
transitive on the fixed points of K, since the greatest common divisor of j 91 / 
ancl 2(q + 1) is 2. So 8 also contains I(K) * N for all N tz YI. 
As for JK, we use the base and [l, Section 6] to get 
= %Kt(x)-J K * MY-1TK = ~K~(~)-J R * Y3KYT. 
Now 
X(0, x, 1)K = t(x) r(X) KS(X), 
so taking inverses gives 
X(0, -x, -1)K = s(x)--1 T(X) Kqq-1, 
whence, conjugating by J 
K@, -x, 1)K = S(X)--J ?(X) K@)“, 
and so mul~plying by K on the right, 
that is, 
Kt(x)-JK = +c)” s(x)J K(0, -x, l), 
%Kt(xyK = %K(O, -x, I). 
If we use (2) in (I), and use Y3 = (0, 0, I), we get 
~~(x)-l YTJrc = %K(O, -x, -1) KYT 
(3) 
= %Ks(--x)J l-T* 
By [I, (6.7)] s(-x)J I-- t(x)-1, and so (3) shows that JK fixes ~K~(~)-~ YT,. 
As x ranges over k, we obtain q fixed points of JK, and so 
E(jK) = (YT) w (t(x)-’ Y-2‘ / x c k-j 
is the set of fixed points of JK on Q. Note &at the t(z) are all #I) and are 
pairivise distinct since K(0, x, 19K = E(x) r(z) KS(~). So 2 contains I(JK) n N 
for all NE X. Since (in has just three orbits on the ~~~~~~~~5~s of 
{J, K, JKI as a set of representatives, it follows that 9 is completely determined, 
when we note that t(x) = s(--x)-~ is determined by [l, (7.14)~(7.16)], 
So the geometry of points and lines is uniquely determined, and it is now 
possible to give a counting argument to show that the action of K is aniqueiy 
determined. 
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Let /l be the recalcitrant C-orbit, that is, the orbit containing (1, 0, 1). 
Recall that r = 00 . CC;, d = (--I, 1,l)K Let h E rl. We must determine MC 
To do this, we argue that there are 1, 1’ E 8 such that 
(A} = 1 n I’. (4 
lzn(ruA)l>z 1 I’ n (ru A)/ > 2. (b) 
This is almost trivial. Each point of 52 is contained in q2 members of 9, and 
distinct members of 3 have at most one point in common. If {Zi 1 1 < i < q2} = 
Z(h) is the set of lines which contain h, and if at most one li has more than 
1 point in I’ u il, then there are q2 - 1 members of .9(h), each of which contains 
q - 1 points of fl distinct from /\. This gives j /l J - 1 > (q2 - l)(q - l), 
whereas 1 fl j = (@ - 4)/2. And q > 2, so that (4” - q)/2 - 1 < (4” - q)/2 < 
(42 - l)(q - 1). so z, I’ exist. Thus, lK, I’K are uniquely determined, as the 
action of K on I’u A is determined and as two points determine a unique 
line in this geometry. Thus, 
(XK) = IK n I’K 
and the action of K is determined. Since 0 = (%, K), 6 is uniquely deter- 
mined. 
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